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On positive convolution operators for Jacobi series

by

Herman Bavinck

Mathematisch Centrum, Amsterdam

1. Introduction

1.1. In a preceding paper [2] the author has started the study of approx-
imation of functions by processes, which are generated by the use of summa-
’ility methods for the expansion of the functions in terms of Jacobi
»olynomials. The summability methods can be interpreted as convolution
perators, if the convolution structure for Jacobi series, defined by Askey
ind Wainger [1], is used. By means of some general theorems on approximation
Jrocesses in Banach spaces, (Berens [3]), it is possible to characterize
;he saturation class and the classes of non-optimal approximation of a
wmber of classical summability methods for the summation of the Fourier-
fJacobi series. This paper deals with saturation of positive convolution
)perators and the main part is a theorem of the Tureckii [10] - DeVore [4]
.ype, which determines the saturation order and the saturation class of a
sequence of positive convolution operators, satisfying a special condition
m the Fourier-Jacobi coefficients of the kernel. The proof is a straight-
‘orward generalization of DeVore's proof in the case of Fourier series. As
\pplications, the saturation class of the higher order Jackson kernel and

jome other positive kernels are characterized.

.2. We introduce same Banach spaces of complex valued functions on the

[~
nterval [-1,1]. We write C for the space of continuous functions, L denotes
he space of essentially bounded functions and we define the LP spaces with

‘espect to the weight function (x = cos 6)

1.1) 0B gy = (gin £)20%1 (Log 8)2B+1

3 5 (¢ > 8 > -2).

'e call M the space of all regular finite Borel measures on [-1,1]. The




spaces C, P (1 <p j_m) and M are Banach spaces if endowed with the

following norms

|12l = sup [f(cos 8)],
0<f<m
m
||f|lP = [J |£(cos @) |® o®:B) () ag1'/P (1 <p <=,
0
|1£]], = ess sup [£(cos 8)],
0<6<m
m
11y = | lautcos o]
0

With elements of these Banach spaces we can associate an expansion in terms

iass)(x)

of Jacobi polynomials. If P is written for the Jacobi polynomial of

jegree n and order (o,B) (see Szegd [9]), the functionms

(a,B)
P 9)
R(a’e)(cos g) = 2 °°°
n P(O'QB)(1)
n
satisfy
m
(1.2) J R*) (cos 6) r%8) (cos o) 0(®8) (5} go = s Lo P,
0
Here,
(a,8) _ (2n+a+g+1)I'(n+o+B+1)T(n+o+1) _ 20+1
(1:3) 0" = T NN (arn) = 0@ ) ()

With f belonging to one of the spaces C or P (1 < p < ») we associate the

Fourier-Jacobi expansion

(1.4) f(cos 8) ~ J§ £n) w(u,B) R(a’s)(cos 0),
=0 n n

where




fA(n) = J f(cos 9) Ria’e)(cos o) p(“’s)(e) a6  (n=0,1,...).
0

1 measure p € M we associate the Jacobi-Stieltjes expansion

du(cos 6) ~ } W (n) “éa’s) Rr(la’s)(cos 6),
n=0

0L’B)(cos 8) du(cos 6) (n=0,1,...).

uv(n) = [ Ri
0

and Wainger [1] have introduced a generalized translation operator

1ich maps a function f with (1.4) into

T, f(cos 8) ~ } £ (n) wia,B) Riaés)(cos 6) Réa’s)(cos $)»
n=0

isper [5] has shown the positivity of this operator. Thisvimplies that
; an operator norm 1. If f1 ,f2 € L1, then the convolution fT'* f2 is
'd by

(£,%£,)(cos 6) = J T, £,(cos 8) f,(cos ¢) o'**®)(4) ap.
0

onvolution has the usual properties (see Gasper [5]). If f e LP

) < ©) and 4 € M we can define the convolution f * du by

m

(f*du)(cos 6) = J Td> f(cos 8) du(cos ¢).
0

er, £ * du € 1P and the following inequality holds

f .
[lesaul | < 12l Tlull,,

n the rest of this paper X is written for one of the spaces C or P

) < @), Assume that we are given a sequence'{Ln} of positive convolution

ors, that is, Ln has the form




m
(1.12) Ln(f;cos 8) = (f*dun)(cos 8) = J T¢ f(cos 6) dun(cos ¢) (feX),
0

™
where W (n=1,2,...) are non-negative elements of M with J dun(cos ¢) = 1.

0
We say that the sequence {Ln} is saturated if there exists a non-

increasing sequence of positive numbers {¢(n)} with lim ¢(n) = 0, such

shat ne

1) |le-1 (0] 4 = o(s(n)) ()

if and only if f belongs to some "trivial" subspace of X
nd '

ii) there is a "non-trivial" element fo € X satisfying

2oL, (£,) |4 = 0(¢(n)) (n>e).
he sequence {¢$(n)} is then called the saturation order and the set
P(X,Ln), which consists of all the elements of X which satisfy ii, is
:alled the saturation class or Favard class of Ln'

In this paper we shall prove a theorem, in which the behavior of the

jecond trigonometric moment

m
1.13) T(un;2) = J (sin %)2 dun(cos )
0

letermines the saturation of {Ln}. In section 2 we give some inequalities
'or Jacobi polynomials and we investigate the relationship between Jacobi
oefficients and trigonometric moments. Then, following DeVore [L4], we

ntroduce the following conditions:

. There exists a constant CA > 0 such that for each integer k there is an
(k) for which

\"
1 - un(k)
——— > C, k(k+a+p+1) for n > N(k).

1o () TR




B. There exists a constant CB > 0 such that for each € > 0 there is an

N(e) such that

o
du_(cos ) > Cp J (sin %)2 du _(cos 6) for n > N(e).
0

In section 3 we shall prove

1.4. Lemma. The conditions A and B are equivalent.

We define the Lipschitz classes with respect to the generalized trans-

lation operator by

(1.14) Lip(y,X) = {fex: Je > 0, sup ||T

£-f||, < o'}, (0 <y <2).
oo ¥V F

Ne now state the following theorem.that will be proved in section k4.

1.5. Theorem. If {Ln} is a sequence of operators of the form (1.12) and if
either condition A or condition B is satisfied, then {Ln} is saturated with

. v . ..
order (1-un(1)) and the saturation class F(X,Ln) is Lip(2,X).

(

na’e)(cos 6) satisfy the following differential

The Jacobi polynomials R
equation:

(1.15) - = & pl@:8)(g) L glasB)

: (a,B)(
p(a,B)(e) de de n

cos 6)}=n(n+a+B+1) R cos 0).
If for £ € X with the expansion (1.4) there exists an element Af € X such

that

< A
(1.16) Af ~ ) n(nto+g+1) £ (n) mia,e) Réa’s)(cos 0),

n=0
then we say that f € D(A) and we call A the operator which maps D(A) into
X by £ > Af. The operator is the realization in X of the differential

operator
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avinck [2],

lim
>0

ince for O

01(¢

on: We will

'S c1 and c2

6

a , (0,B), .y &
;EG_ {p (e) de}

%§ =0at6=0andn, as follows from (1.15).

have shown the close connection between the

operator T, and the operator A. In fact, for

)
elations hold:

<o, (¢) llaglly,

T £

p

zﬁ_ = Afl |X =0,
6

‘(ET;T(Q—) ([ o{*:8) () ar) ao,
0

n 4). Moreover,

LA
¢ o+ 1
2 .
T V2
5,—-2-§_cos%_<_1wehave
)
( ;) J (sin 2)20L+1 os %-dr ae
p 2" (0)
0
¢ sin &
1 2 a6
+ 1 (COS.3)23+1
0 2
+1
.29 r
ol B8 Y 0 < ¢ <z -

n

1e notation a, bn (n»>«) if there are positive

;hat c,lan 5-bn i_czan.




le relations for Jacobi polynomials
nequalities

le shall first prove the following inequaltities for Jacobi polynomials

‘(x). Let k be a natural number. Then

1 - Ria’s)(cos ) g_Eigi%i%ill sinz-% (0 <8 <m).

exists a constant ca > 0, such that for 0 < € < 4 /2k+a+B+2

K(k+a+B+1) . 26 (a,B)
« a1 sin" 3 <1- Rk (cos 6) | (0 <0 <€)

v differentiation formula

a _(a,B) _ k(k+o+B+1) _(o+1, B+1)
ax B (X)'J?TOFT)_)'Rk1 (x)

;ain from the mean-value theorem

1 - RI(KOL’B)(cos ) = k<kz21$+51 sin” % R’fﬁ?’sﬂ)(cos 6), 0 <8 <e.

lea+1 B+1)(COS e)l < 1 0 < e < T, formula (2 1) follows.

1e proof of (2.2) we use Hilb's formula (Szegd [9], (8,21.12) for

n

%)a (cos E) éa B) (cos 8) = N ¥ I'(a+1)(8/sin G)E Ja(NG)

—3/2—(1), it en”) <8 < mes

0(1), if 0 <® 5_cn'1,

N =n + (o+p+1)/2.

>wer series expansion of (%)—“ Ja(z) has terms with alternating sign,

snotonically decreasing for real z, 0 < z < 2., Hence we have




(a+1,B8+1) 2_\o+1 2 ' -
R 1 (cos 6) 3_F(a+2)(Ne) Ja+1(N6) + 067 0(1) 0<6<2N
N6,2
(=) 5
11-m+9 0(1)
o + 1 -2
a+2_O(N ).

lequality (2.2) follows from (2.3) and (2.4) for k > k. On the other

the constant c can be chosen in such a way, that (2.2) remains valid
< kg
lelations between trigonometric moments and Jacobi coefficients

The following expansion is a simple consequence of Rodrigues' formula

1180 SiegS (9], formula (9.3.11)).

. ©
(sin 5020 =

_ T(o+1)T(o+a+1) %

i B (2n+o+B+1 )T (n+o+B+1) R(G’B)(cos 8)

T'(o-n+1)T (n+a+B+0+2)T(n+1) 'n

(-1
n=0

(0=1,2,...).

'he expression of the Jacobi polynomials in terms of hypergeometric

.ons

(-n,n+a+B+1);a+1;sin2 9)

(a,B) -
Rn (cos 8) = 2F 5

1

3ily derive

(@,8)

1 -R cos 8) =
n

- % (_qyEH I (n+o+B+k+1)T(n+1)T(o+1)

£ I'(n-k+1)T(n+o+B8+1 )T (k+a+1)T(k+1)

sin2k 5
5

1




f the trigonometric moment of order 2¢ (0=1,2,...) is defined by

m™
. 6.2
T(un;20) . I (sin E) dun(cos 9),
0

(1]

obtain by (2.5), noticing the value of (2.5) at 6 = 0,

2.7) T(u 320) =

- T'(o+1)T(o+o+1) E (_1)k+1 (2k+a+B+1 )T (k+a+B+1) (1 V(k))
T(a+1) e T(o-k+1)T (k+a+B+o+2)T (k+1) * 'n'*/’"
a the other hand (2.6) leads to
v
2.8) 1 - un(k) =
K ‘ .
_ T(k+1)T(a+1) o+1 I (k+a+B+0+1) A
T T(k+o+B+1) 021 (-1) I'(k-0+1)T(o+o+1)T (o+1) T(un,2o). .
snce, we easily derive from (2.7)
_ o +1 v
2.9) T(u 32) = T+ 2 (1-u (1))
1d )
T(u_3k) 1-u (2)
>.10) Mnd - _(o+2)(a+B+2) [2(a+B+3) “*n
T(u 32) = (a+B+3)(a+B+h) | a+p+2 1-u:(1)
rom (2.8) and (2.9) we conclude
1 - u:(k)
2,11) —_— =
1= (1)
k(k+a+B+1) I(k+1)T(0+2) % (-1)° T (k+a+B+0+1) T(uy320)
a+B+2  (o+B+2)T(k+a+B+1) oeo - I(k=0+1)T(o+a+1)T(o+1) T(un;z) *

imilar relations between trigonometric moments and Fourier coefficients

ave been established by Stark [8]. We also have the following theorem,




10
ich generalizes a result of GSrlich and St

3. Theorem. For a sequence {Ln} of positiv

rm (1.12) the following assertions are equ

\)
(a) 11 1 - (k) _ k(k+a+B+1)
a im v = = iEm
n 1 - u (1)
n
L1 - (2)
(b) lim |~ "0t 2(a+ge3)
n>e 1 - “1(1) a+B+2
T(u_3k)

(c) lim TT_ETET = 0.
pe -\ Hp

sof. Relation (b) is a trivial consequence
om (b) by (2.10). Since 0 f_sin2 2-5_1 and

is obvious that

T(u, 320) < T(u 3k)

: T(u
srefore relation (c) implies that lim TTEE
n

n--o

rmula (2.11) relation (a) follows.

] (see also Stark [81]).

olution operators of the

t:

(k=1,2,...),

). Relation (c¢) follows

easures u  are positive

for o > 2.

0, 0 > 2. Thus, by




of of 1.4,

. . . L
le firs r that B implies A. If we take e < Dhtotpis and N(e) as
in B, e using (2.2) and (2.9) for n > N(e)
m
(o,B)
- = - 0
1 J (1 Ry (cos 8) dun(cos 9)
0
€
(o,B)
> -
__J (1 Rk (cos 8)) dun(cos )
0
€
k (k+o+B+1) .28 :
>c, F J sin” 3 dun(cos )
0
)
k(k+a+B+1) .26
2 ¢, s+ 1 Cp J sin® 3 dun(cos 6)
0 :
c C
_ a’B v
= 582 k(k+a+B+1) (1 - un(1)).
CaCB
‘ore, A with N(k) = N(e) and CA = G.TBTQ. .
e will how that A implies B with CB = CA Lgigigl . Suppose B
ot hol CB = CA iﬁigigl , then there is an EO > 0 and a sequence
uch th
€ m
. (a+B+2) . 28 .
J sin n.(cos p) < Ca 5 sin” 3 dun.(cos 8), J=1,2,...
0 J 0 J
sider asures -
0, 0 <8 < e,
cos 0) = 4
1
Tn io) ¥ .(cos ), € <® <
LB J
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T m
1 R .20 1
v 6) < - =
hen J d n.(cos ) < SRS J sin” 3 dun‘(cos ) -
J . 2 n. J .
0 sin 5 J 0 sin 3

. *
Yy the weak compactness of a closed sphere in M there exists a sub
né) E_(nj) and a measure v such that v converges weak* to v. In
‘ J
e have for each k (k=1,2,...)

n'-e

T T
lim J'{1-R§a’8)(cos 6)} dvn!(cos 8) = J {1-R£a’s)(cos 6)} av < 2
0 : J 0

hoose ko so large that

T
CA ko(k0+a+8+1)(a+8+2)
3.2) L{a+1) 2 v
0

1en there exists an N such that for nj >N

€
0
T(u ;‘;2) J {1—R1({a36)(c05 e)} dl-ln'.(cos 6) =
j 0 0 J

m

_ 1 rq_nlasB)
" Ty 32) J R

(cos 8)} dun,(cos'e)
J 0 '

J {1- Rk (cos 9)} dv_ ,(cos 8)
J

o

z—fr_—__§7 J {1-Rk (cos 8)} dr ,(cos 9)

nJ o J

(k +a+B+1)(a+B+2)
2(a+1)

A

- virtue of condition A we have for nj 3_max(N,N(k0))




.s a contradi

13

| v

unj(cos 8)

%%l J sin2

0

|

, (a+1)
- ko(k0+a+8+

. o (o+B+2)

A 2

1) and prove

cos 8).

[1—R1({

0
2d

a’B)(cos 8)} «
0

unj(cos 6),

e 1.4,

>s 8)




N

t. Proof of theorem 1.5

Let {Ln} be a sequence of positive linear operators of the form (1.12)
thich satisfy either condition A or B. On account of lemms 1.4 both con-
litions A and B are satisfied and we will interchange them appropriately.

We first show that'{Ln} is saturated with order (1—@;(1)). If feX
nd

||z (£)-2] |, = o(1-u (1) (=),
hen

£(6) - £ (000 (%) = o(1-ur (1)) S (o),

. o, .. . A
In view of condition A this implies f (k) = 0, k = 1,2,..., and there-
. . .. B .
'‘ore f 1s a constant. The function fo(cos 8) = (sin 502 1s an example of a

on-constant function which satisfies

||z, (£)=£] ] = 0(1=u (1)) (n>).

v ..
ence {L } is saturated with order (1—un(1)), The "trivial" subspace used
n
n section 1.3 is here the space of constant functionms.
We now whish to characterize the saturation class F(X,Ln).

n element f e X ‘belongs to F(X,Ln) if and only if
m .
v
||J (T, f(cos 68)-f(cos 6)) au_(cos ¢) ||, = 0(1-u_(1)) (n>=),
¢ n X n
0

r equivalently

m

(T¢f(cos 8)-f(cos 98))
IJ 33 v (¢) ||y = o(1) (),
0 sin” 3
here
(a+B+2) sin2 % dun(cos ¢)
ay_(¢) = -
(1) (1=u2 (1))
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™
.9) J dwn(¢) =1, n=1,2,... and consequently it is clear that
0

(X,Ln), if £ e Lip(2,X) (see (1.14)).
We still have to prove that f € F(X,Ln) implies f € Lip(2,X). If we
e by A the operator defined by (1.14), then we will first show that

€ D(A) satisfying
Y
[le-L (£) [y < M(1-u (1)) (n>),
o>llowing inequality is valid:
[ag |y < cOu| 2],

C is a constant independent of f.
Since the measures wn all have norm 1, there exists a subsequence {nj}

*
measure ¥ such that {wn } converges weak to Y. By condition B and

J
* .
sak convergence 1t follows that for each € > 0

€
J dy = lim J ay, > Co.

yose eo so small that EO

C
dy 5_55 with § > 2+28%2,

<

(ano)

€ D(A) satisfying (4.1) we have
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Hence,
®©oT.f-f " T,f - f '
(4.5) HJ ~ 53 av(o) |y <M+ IIJ maw)ltxi
0 2 eos 2
2||f
s 2ty
sin2 EQ
2
T f-f ,
rom (1.18) and (1.20) we know that —2 sy T - TAfinXifre
sin
ln virtue of (L4.3) and (L.L) 2
| €0T¢f-f
4.6) ||j % d¢(¢)||x 2
0 sin E
' TFf - f
1 1 R '
2 (=D oy lally - 1] < aoll
(O,E) sin >
jince by (1.17) and (1.21)
TFf - f B+1
2
H%E—Hxia,w [lag]]y 0<9¢=
sin )
re derive from (L4.6) and (L4.L)
o T,f - %
h.7) llf ——— ()|l >
0 sin g
Cc B+1
1 1 "B 2
(1-3) Cp o7 Haelly - 57 55 llaglly >
> —— ¢ ||az]|
= 2(a+1) B X

'S we have chosen S > 2+2B+2.
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e (4.7) and (L4.5) yield

2| |2 |
a1y < EEH e —2K)

sin —
2

h establishes (L4.2).
If we take an arbitrary element of F(X,Ln) such that

v
[1e-L ()] < MO1-u (1))
we study the convolution of f with a positive polynom
‘instance the de la Vallée-Poussin kernel (see section

T K which clearly belongs to D(A). Then for £

|| -L (£ )||X = Hf*Km-f*Km*dunHX = ||(f-f*dun)*

v
< [le=grau |y < MCi-n (1))
e ||fm||X < |l£]]4 nolds, it follows from (4.2) that
a1, < coml e |13 < com] [ ],).

e for ¢ > 0 it follows from (1.17) and (1.21)

TFf -f B-1
2
) ”%ﬂﬂxiam [ag |1y < c (] l£]],),

e take the limit as m > » in we get

T,f -
| |———1ly < c (] ]£]]4)

h is equivalent with f e Lip(2,X).

A
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5. Applications

We will show in this section, that many of the classical approximation
processes which have a positive kernel, satisfy the conditions of theorem
2.3. Since condition (a) of theorem 2.3 is essentially stronger than con-
jition A of theorem 1.5, we may conclude by theorem 1.5, that these approx-
imation processes are saturated with order (1—u;(1)) and that their
saturation class in Lip(2,X). For some of the examples given here, these

results have already been obtained by different methods in Bavinck [21].

5.1. The de la Vallée-Poussin summability process

The de la Vallée-Poussin kernel is defined by

(5.1) VN(cos 8) = wéu’B+N)(cos %)2N N=1,2,.00,
vhere wéa’B+N) is given in (1.3).

The trigonometric moments of VN are very easy to calculate:

(o, B+N)
w
T(Vy320) = 5 (avg, o)
ence
' +1,8+
T(VN;M) wéa 1,8+N) a2

lim = lim ————— = lim ——— = 0.
Moo TO32) 1 wéa+2,B+N) Now NHo+B+3

By theorem 2.3 and theorem 1.5 we conclude that the summability process

. . A .
Vﬁf(cos 9) = (f*VN)(cos 6) is saturated with the order 1 - VN(1), which by
(2.9) is

A _ (a+B+2) . _ _o+Bt2

The saturation class is Lip(2,X).
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fhe Jackson kernel

We now direct our attention to the Jackson kernel

-1 sinn —\2r
) L, r(e) =2 —_— (r and n positive integers,
]

T\ sin 2
2 r > o+2),
H sin n 2r
n,r .6
o\ sinp

»der to find the saturation order and the saturation class, we show
the kernel (5.2) satisfies condition B of theorem 1.4. Using the well-
1 estimates g-< sin s <'g for 0 <6 <7 and Y2 < cos 9-< 1 for

. ™ - 2 =2 =7 =" = 2 = 2 =
315 we have

" (sin n g)2r
2 0,2B+1
T(Ln r,2) = J S 2r—25-3 (cos 5) ae <
? (sin =)
0 2
r
n T
i"2r-2a-3 (%)Zr I §2043 4o , ,2r-20-3 J 62043-2 40 <
0 s
n
) (EQ2r+1 n2r-2a-h . n2r-2u—h .
-2 a+2 2r-20-~-L
2r-2a-4 ,,m\2r+1 1 n
= - +
n ((2) a+2 2r—2a—h)'
1e other hand (n > 2)
r jul
D (sinn er n
2 (cos 2)28*1 49 > (B)2F 2r-20-3-8-3 0203 30 =
r (Sin Q)Zr-Qa—3 2 -'m
0 2 0
- 2r-2a-4-p-3

- (g)2r-2a—h 2
m (a+2)
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™
' we choose € > 0, then for n > z

n,r n,r

€ ™
fL (8) 0{®Bl(g) ao > ¢y J L (8) o(®B)(q)
0 0

iere

1
22r-2a—h-8-§

_ myer+l 1 m
B~ _Zr-2a-l ((3) *

-1
¢ 2 a+2 2r—2a—h) :

(at+2)

nce T(Ln r;2) ~ n_2 it follows from (2.9) and theorem
3

r(e) is saturated with order n"2 and that the saturat
ST ;

3. The Weierstrass kernel
The Weierstrass kernel, defined by

e-k(k+a+8+1)t w(a,B)

.3) Wt(cos B) = E N

(a,B)
>7
Lo Rk cos

a positive kernel (see Bavinck [2], section 5.8). If

' numbers {tn} with lim t =0, then it is easy to show

n>e :
' convolution operators Wt satisfies condition (a) of
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